Abstract. The mapping class group of a compact oriented surface of genus greater than one with boundary acts ergodically on connected components of the representation variety corresponding to a connected compact Lie group, for every choice of conjugacy class boundary condition.
Introduction and Results
Let Σ be a compact oriented surface with n+1 boundary components (circles) (c 0 , ..., c n ) and K a compact connected Lie group of dimension d and rank r. Denote by Γ the mapping class group of Σ that fixes the c 
Then the representation variety is
Hom C (π 1 (Σ), K) = {ρ : ρ(c j ) ∈ C j }.
The group K acts on Hom C (π 1 (Σ), K) by conjugation and the moduli space is the quotient
Theorem 1.1. Fix p > 1. With respect to the Lebesgue class, Γ acts ergodically on the connected components of Hom C (π 1 (Σ), K)/conj(K).
When n = 0, this theorem was proved in [3] .
The representation variety and the mapping class group
With slight modifications, the basic notations are as in [3] . Let Fix the base point on c 0 . Then π 1 (Σ) has the following presentation:
In terms of Figure 1 , x 1 , y 1 belong to the one-holed torus bounded by s while for i > 1, x i , y i belong to the one-holed genus (p − 1) surface bounded by s ′ . All the boundary circles in Figure 1 are oriented counter-clockwise with the exception of c 0 . The following notions are fixed through out this paper. By a slight abuse of notation, the c ′ j s will also denote elements in K.
, although in many cases c will denote elements in C. Define maps
By Remark (2.1.5) in [3] , the image of the map R l,k :
The mapping class group Γ is the group of connected components of the diffeomorphism group of Σ fixing the boundary ∂Σ. The group Γ is generated by the Dehn twists. In particular, Γ contains the twists along x i , y i and σ j portrayed in Figure 1 . Let Γ 0 be the subgroup generated by the Dehn twists along the x i 's and y i 's and Γ j be the subgroup generated by Γ 0 ∪ {σ j }.
Ergodicity
Let p > 1. Fix conjugacy classes C j for each, 0 ≤ j ≤ n. Then the representation variety Hom C (Σ, K) is
Assume Hom C (Σ, K) is non-empty which means that S 0,n (c) ∈ K ′ . Each conjugacy class C j possess a K-invariant canonical measure. From these measures on the conjugacy classes and the measure dg on K, the variety Hom C (Σ, K) inherits a Lebesgue measure whose push-forward measure on Hom C (π 1 (Σ), K)/conj(K) is in the same measure class as µ.
Fix j and for each l = j, fix an element c l ∈ C l . Let k = S l+1,n (c),
. Then the action of σ j fixes c l for all j = l (See Figure 1) and
For each fixed c j ∈ C j , let
Then both M and N(c j ) inherit measures from Hom C (Σ, K). Indeed, M and N(c j ) are themselves both representation varieties on a surface with two boundary components. In the case of M, one boundary is associated with a fixed group element and the other a conjugacy class while both boundary components of N(c j ) are associated with group elements. In particular, as subspaces of
The goal is to show that f is constant a.e. The following theorem is from [3] : Theorem 3.1. The group Γ 0 acts ergodically on N(c j ).
This shows that f is constant on N(c j ) for a.e. c j ∈ C j . Hence f is a characteristic function on C j . It remains to show that f is independent of c j . Consider the function
. Since f is Γ j -invariant, to show that f is independent of c j , it is sufficient to show that the relation defined by Im(φ) is transitive; since the equality holds in an a.e. sense, it is sufficient to show that Lemma 3.2. Let pr 1 : C j × C j −→ C j be the projection to the first coordinate. Then pr 1 (Interior(Im(φ))) = C j .
This Lemma implies that for each
e., it follows that f is constant on U c j , a.e.. Since pr 1 (Interior(Im(φ))) = C j which is connected, f is independent of c j .
Proof. Since the c l 's are all fixed for l = j, k is fixed. Since
are onto, one may choose regular values s, s ′ respectively of these two maps R 1,1 and R 2,p such that ss ′ S 0,n (c) = I. Let (g, h, c j ) ∈ M such that R 1,1 (g, h) = s. Then (g, h, c j ) is a smooth point (The representation corresponding to (g, h, c j ) is irreducible) and the map φ 1 is regular at (g, h, c j ). It will then be sufficient to fix c j and show that the map 
